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ABSTRACT
We provide a description of W3 transformations in terms of deformations of convex curves
in two dimensional Euclidean space. This geometrical interpretation sheds some light on the
nature of finite W3-morphisms. We also comment on how this construction can be extended
to the case of Wn and “nicely curved” curves in R
n−1.
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W-algebras were first introduced by Zamolodchikov in the framework of two dimensional
conformal field theory. It was shown in [1] by using the bootstrap method, that the extension
of the Virasoro algebra by a single field of spin 3 (W ) yielded a non-linear associative algebra,
denoted since then by W3. The geometrical significance of the Virasoro generator T is well
understood:
Qǫ =
∮
dz ǫ(z)T (z)
is the generator of conformal transformations (or, equivalently, of diffeomorphisms of the
circle). It is therefore natural to ask what is the geometrical significance, if any, of the
transformation generated by
Qη =
∮
dz η(z)W (z) ?
At present, there are several different ways of providing a geometrical interpretation
for these W3 transformations (W3-morphisms) in their classical limit, i.e. operator product
expansions, or equivalently commutators, are substituted by Poisson brackets [2]. Most of
them rely on the extrinsic geometry of curves and surfaces [3], although different approaches
based on intrinsic geometry have also proved fruitful [4].
The purpose of this note is to give yet another interpretation of W3-morphisms in terms
of the extrinsic geometry of curves in a particularly simple and, we believe, enlightening
setting.
Our main result can be summarized as follows: A W3-morphism can be defined as a
map between strictly convex curves in R2.
The remainder of the paper will be dedicated to justifying the above statement. Before
proceding, however, it will be necessary to introduce some well-known results on the geometry
of plane curves.
The geometry of closed plane curves
Our basic object of study will be the geometry of parametrized closed curves
γ : [a, b]→ R2
t 7→ x(t),
which are immersions, i.e. which satisfy x˙(t) = dx/dt 6= 0 for all t. In what follows, it will
be useful to consider arc-length parametrized curves. The arc-length function s : [a, b]→ R
is defined as usual by
s(t) =
∫ t
a
|x˙(t′)|dt′.
A tangent vector field to γ for all t is given by its velocity vector. Its modulus e is the
one-dimensional induced einbein. We can now introduce the normalized tangent vector v1,
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where
v1 =
dx
ds
=
x˙
e
.
The curvature function can now be defined as the modulus of its derivative,
dv1
ds
= κv2 =
x¨⊥
e2
,
where the unit vector v2 is by construction orthogonal to v1. We can still go a little a further
and define the signed curvature κ˜ using the natural orientation in R2, i.e. κ˜ = κ if the frame
(v1,v2) is positively oriented, and κ˜ = −κ otherwise.
The geometrical relevance of the induced metric and the signed curvature function is
revealed by the fact that any two parametrized curves in R2 with the same values of e and
κ˜ should be related by an Euclidean motion, i.e. translation and rotation.
A curve is called simple if it is one-to-one. Among the simple closed curves we may
distinguish the convex ones. They are defined by the property that they are the boundary
of a convex set1. But they are more easily characterized for our purposes by the fact that
they are simple closed curves with κ ≥ 0. We will work with “strictly convex” curves for
which the curvature function is everywhere strictly greater than zero (these curves are also
known as ovals in the mathematical literature).
Infinitesimal deformations of strictly convex curves and the W3-algebra
An infinitesimal transformation of a curve γ is completely determined by a vector field
with support on γ. The importance of working with strictly convex curves comes from the
fact that x˙ and x¨⊥ provide us with an orthogonal frame for the tangent space TpR
2 for all
p ∈ γ. Explicitly,
δα,ηx = α(t)x˙+ η(t)x¨⊥.
In order to study how the above transformations act on γ it is enough to study their
action on e and κ. They are given by
δα,ηe = α˙e + αe˙− ηκ2e3,
δα,ηκ = ακ˙+ η¨κ + η˙
(
3
e˙κ
e
+ 2κ˙
)
+ η
(
κ¨+ 3
e˙κ˙
e
+ 2
e¨κ
e
+ κ3e2
)
,
where we have used the two-dimensional trivial identity
...
x =
(
...
xx¨⊥)
x¨2
⊥
x¨⊥ +
(
...
xx˙)
x˙2
x˙,
which can also be written in terms of e and κ as
...
x =
(
κ˙
κ
+ 3
e˙
e
)
x¨⊥ +
(
e¨
e
− κ2e2
)
x˙.
If we now compute the commutator of two such transformations we find that, in general,
they close among themselves with structure constants that are functions of e and κ. It is
1 Any subset of R2 is called convex if the line segment joining any two points in the set
belongs to that set.
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possible however to choose a parametrization such that the algebra has a particularly simple
form. Let us consider
δǫx = ǫx˙,
δρx = ρx¨⊥ −
(
1
2
ρ˙+ ρ
(
e˙
e
+
2
3
κ˙
κ
))
x˙.
A long but straightforward computation now yields
[δǫ1 , δǫ2 ] = δǫ, where ǫ = ǫ1ǫ˙2 − ǫ˙1ǫ2,
[δǫ , δρ] = δρ˜, where ρ˜ = ǫρ˙− 2ǫ˙ρ,
[δρ1 , δρ2] = δǫ, where ǫ =
2
3
ρ1ρ˙2T − 1
4
ρ˙1ρ¨2 +
1
6
ρ1
...
ρ2 − (ρ1 ↔ ρ2),
which as we will see is nothing but the algebra of infinitesimal W3 transformations with
“energy-momentum tensor” T given by
T = 2
e¨
e
− 3 e˙
2
e2
− e˙κ˙
eκ
+
κ¨
κ
− 4
3
κ˙2
κ2
+ e2κ2.
In order that the infinitesimal transformations close when acting on T we have to intro-
duce its “W-partner”
W =− 1
6
...
κ
κ
+
5
6
κ˙κ¨
κ2
− 20
27
κ˙3
κ3
− 2
3
κκ˙e2
− 5
6
κ˙2e˙
κ2e
− 1
2
κ˙e˙2
κe2
+
1
2
κ¨e˙
κe
+
1
6
κ˙e¨
κe
.
Then the infinitesimal transformations on T and W read
δǫT = 2
...
ǫ + 2ǫ˙T + ǫT˙ ,
δǫW = 3ǫ˙W + ǫW˙ ,
δρT = 3ρ˙W + 2ρW˙ ,
δρW = − 1
6
ρ(v) − 5
6
...
ρT − 5
4
ρ¨T˙ − ρ˙(3
4
T¨ +
2
3
T 2)− ρ(1
6
...
T +
2
3
T T˙ )
which are nothing but the standard classical limit of Zamolodchikov’s W3-algebra [2].
We have just shown that infinitesimal W3-morphisms can be understood as infinitesimal
deformations of strictly convex curves in R2, therefore it follows that a finite W3 transfor-
mation can be given a natural geometrical realization as a map between two strictly convex
plane curves.
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Wn and nicely curved curves in R
n−1
It should be clear by now how the preceding techniques may be extended to the case of
Wn. Any curve γ in R
n−1 satisfies the generalized Frenet equations
dv1
ds
=κ1v2,
dvj
ds
=κjvi+1 − κj−1vj−1, 1 < j < n− 1,
dvn−1
ds
=− κn−2vn−2.
The curvature functions κj and the orthonormal vectors vj have the following coordinate
expressions
κj =
√√√√ (x(j+1)⊥ )2
x˙2
(
x(j)
⊥
)2 , vj = x
(j)
⊥√(
x(j)
⊥
)2 ,
and x(j)
⊥
is defined recursively as follows:
x(j)
⊥
= x(j) −
j−1∑
i=1
x(j) · x(i)
⊥
(x(i)
⊥
)2
x(i)
⊥
.
The condition that x(j)
⊥
be different from zero for j = 1, ..., n − 1 is tantamount to saying
that the curve γ is nicely curved in Rn−1, i.e. that all curvatures κ1, . . . , κn−1 are nowhere
vanishing functions and that the vectors v1, . . . ,vn−1 form an orthonormal basis.
Accordingly we can describe an arbitrary deformation of the curve γ as
δηx =
n−1∑
j=1
ηjx
(j)
⊥
.
A detailed proof that there is a particular parametrization of such transformations that
reproduces the Wn-algebra is beyond the scope of this note, nevertheless we will sketch here
the required steps. The main observation is that the identity
x(n) =
n−1∑
j=1
x(n) · x(j)
⊥
(x(j)
⊥
)2
x(j)
⊥
can be rewritten in the form Lx = 0, with L a differential operator of the form
L =
dn
dtn
−
n−1∑
j=1
uj
dj
dtj
,
by expressing all (uncontracted) vectors x(i)
⊥
in terms of x(k).
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Just as in the two-dimensional case, the einbein e =
√
x˙2 and the curvature functions κi
determine a parametrized curve up to Euclidean motions. On the other hand, the coefficients
uj are scalar functions made out of the derivatives of x(t), so they are insensitive to Euclidean
motions. It is clear then that their expression is uniquely determined in terms of e and κi.
In particular, it can be shown that
un−1 =
x(n)x(n−1)
⊥
(x(n−1)
⊥
)2
is a total derivative. Indeed, from the coordinate expression of Frenet equations,
dx(i)
⊥
dt
= x(i+1)
⊥
+
(
d
dt
log
√
(x(i)
⊥
)2
)
x(i)
⊥
− (x
(i)
⊥
)2
(x(i−1)
⊥
)2
x(i−1)
⊥
,
we can recursively express all x(k) in terms of the x(j)
⊥
with 1 < j ≤ k. A direct computation
now yields
un−1 =
d
dt
(
n−1∑
i=1
log
√
(x(i)
⊥
)2
)
.
Incidentally, the same procedure can be followed to get the explicit expressions for all other
uj in terms of
√
(x(i)
⊥
)2 and hence in terms of the einbein and the curvatures.
Now, a rescaling of x
x −→
(
n−1∏
i=1
(x(i))2
) 1
2n
x
allows us to eliminate this term and re-express L in the standard form:
L =
dn
dtn
+
n−2∑
j=0
Wj
dj
dtj
.
It is now possible to use the results of [5], where it is shown that the algebra of deformations
of L preserving its form is nothing but a classical version of Wn.
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